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Abstract

Solving problem of matrix calculation with Structure-Controllable Neural Network (SCNN) has advantages
including generality, forward calculation, parallel structure, etc. and therefore is suitable to be realized by
hardware. In this paper, a definition of Generalized Inverse matrix is introduced. On the basis of SCNN and BP
learning algorithm, a two-layer neural network model and the corresponding algorithm are proposed to solve many
kinds of generalized inverses. The algorithm performance is proved satisfactory by simulation tests.
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matrix algebra problems’ solving; they just provide
one algorithm according to one specific problem.
(iii) In the main, they are based on serial
computation, and so it is difficult to make them turn
parallel.

1 INTRODCUTION
Matrix calculation is the fundamental problem
in most scientific and engineering calculation
including calculation of inverse of a normal square
matrix,
generalized
inverse
matrix,
LU
decomposition of a matrix, eigenvalue and eigen
vector, etc. (Wang, Wei, Qiao, 2006). In many fields
including practical engineering calculation such as
engineering control, optimization, etc., it plays an
important role. Over the past years many algorithms
were put forward for this kind of problem. However,
for all that these traditional methods were
successfully employed in solving many practical
problems, there still remain defects as follows in the
methods:
(i) They cannot solve problems about abnormal
matrices.
(ii) They do not give a general framework for

A kind of neural network model advances a new
way to solve the above problems. That is multilayered forward Structure-Controllable Neural
Network (SCNN) model, which has advantages as
follows:
(i) There is no division operation, therefore the
problem of dividing by zero is eliminated, so it is
suitable for calculation of abnormal matrix and
algebra equation.
(ii) The basic idea is general, thereby it is
suitable for most matrix algebra problems.
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(iii) The structure is parallel, thus there is the
possibility to parallelly process data with multi-CPU.

neural network (e.g. BP algorithm), and are
controlled by RAM units of the first level.

Based on these above features and urgent
demand of engineering computation, increasing
attention has been given to method of solving matrix
algebra problems with SCNN. Some people ever
suggested that BP (Back Propagation) learning
algorithm be employed to solve the inverse of a
normal square matrix by single-layer neural network
(Zhao, 2015, Jiao, 2003). But the concrete algorithm
was not given, and when the matrix is abnormal or a
rectangle, this method cannot work. Furthermore,
there are many kinds of definitions of inverse of a
rectangle matrix, and methods for solving inverse
matrices under different definitions are not alike,
therefore to find the inverse becomes more
complicated. In this paper, we shall investigate this
problem, the Penrose-Moore definition of
Generalized Inverse is introduced, and on the basis of
SCNN and BP learning algorithm, we shall develop a
new way that is able to find the solution of inverse of
a variety of matrices. Two-layer parallel neural
network models that correspond to each equation in
the Penrose-Moore definition and the concrete
algorithm are designed to solve many kinds of
generalized inverse matrices, and the 4 error
functions needed in learning with back propagation
are also derived. The simulation test with computer
program is proved successful. This approach can be
generally applied, and the computation precision is
enough.

While calculating, first, the input vector and
ideal output vector, i.e. pairs of input-output patterns,
are chosen. Then, weighted sum of each input vector
of the input layer is calculated, i.e. outputs of the next
layer’s neurons are worked out. If the actual output
matches the ideal output, calculation should come to
the end; otherwise the connection weights should be
modified by learning algorithm under restriction of
the first network. This course does not end until the
actual output matches the ideal output. Each weight
has its ‘switch’. When a switch is on, the according
connection weight can be modified by learning
algorithm. States of these switches are controlled by
RAM units of RAM network. The second level of the
network is controlled by proper selection of initial
value of the weights. When all RAM units are ‘on’,
the corresponding second level of the network is right
the typical BP network. The below discussion
explains that the neural network approach of selfadaptable SCNN is to look on matrix algebra
problems as a special problem of patternidentification, and to match expected pattern by a
specific SCNN network.
2.2 Brief Introduction of BP Learning Algorithm
In BP network, error function is defined as:

E

2 BRIEF INTRODUCTION OF SCNN
AND BP ALGORITHM
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2.1 Brief Introduction of SCNN

The learning algorithm is:

SCNN that is used to solve matrix algebra
problems is a kind of multi-layered forward neural
network whose structure is controllable. It has two
levels:

 E 
w   

 w 

Moreover, nonlinear functions of all neuron
nodes are the same, generally as Sigmoid function;
and the learning step 𝜂 remains the same in the whole
learning course, commonly 0< 𝜂 <1.

(i) The first level is RAM network consisting of
random memory units.
(ii) The second level is a multi-layered neural
network in which each neuron is a unit with many
inputs and a single output to calculate weighted sum,
and the weights are trained by learning algorithm of

3 SOLVE GENERALIZED INVERSES
WITH SCNN
3.1 Definition of Generalized Inverse Matrix
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First the Penrose-Moore definition of
generalized inverse matrix is introduced as:

If G is a generalized inverse matrix that satisfies
the ith equation, it is written as G = A(i) (i = 1,2,3,4);
If G is a generalized inverse matrix that satisfies the
ith and the jth equations, it is written as G = A(i,j); and a
generalized inverse matrix that is able to satisfy all
the four equations is denoted as A+. Among the 15
kinds of generalized inverse matrix, only A+ exists
and is solitary.

Definition 3.1 Given 𝐴 = (𝑎𝑖𝑗 ) ∈ 𝐶 𝑚×𝑛 , if 𝑛 × 𝑚ranked matrix G satisfies all or part of the following
Penrose-Moore equations (Li, 1999):
AGA  A

(1)

GAG  G

(2)

3.2 Solve Generalized inverses with SCNN

 GA 

 GA

(3)

 AG

(4)

Take the solution of 5 kinds of generalized
inverse matrices A(1), A(2), A(3), A(4), A(3,4) for
examples, the concrete neural network approach to
find the solution is as follows.

H

 AG 

H

G is called for the Generalized Inverse Matrix of A.
H is the marker of Hermite Matrix. BH denotes the
transposition matrix of B when B is a real number
matrix.

A. Generalized Inverse Matrix 𝑨(𝟏) that Satisfies
Equation (1) 𝑨𝑮𝑨 = 𝑨
This kind of generalized inverse matrix 𝐴(1) is
derived from the problem of solution of linear
equation group 𝑥 = 𝐴−1 𝑏.

As this definition has its strict mathematical
evidence, it has been wide accepted and used in
recent years. According to this definition, generalized
inverse matrix can be classified into
C  C  C  C  15 kinds.
1
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Consider a two-layer neural network is as Figure
1.

Figure 1 Two-layer neural network for finding a generalized inverse matrix that satisfies Equation (1) (𝑚 = 2, 𝑛 = 3)

This neural network model embodies SCNN’s
characteristics that the structure is controllable, and
so this model is different from typical BP network of
which all neurons are interconnected.

Problem to satisfy AGA=A may be looked upon
as a special problem of pattern-identification with
neural network. Constantly readjust elements’ value
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of matrix G, so that elements of AGA might match
corresponding ones of the object matrix G, thereby
m
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If E<ε (ε is given calculation precision), the
matching process ends; otherwise, continue.
(iv) Value of element gij of weight matrix G is
modified according to E by learning algorithm. gij
changes according to update-along-gradient rule, i.e.

ij

where i = 1, 2, …, m; j = 1, 2, …, n. at this time
weight matrix G is right the expected inverse matrix.



In Figure 1, assume that a row vector of input
matrix of the network is 𝑎𝑖 , and weight matrices from
the 0th to the 1st layer, from the 1st to the 2nd layer are
respectively G, A. Model of each neuron is a unit to
calculate weighted sum, not Sigmoid nonlinear
function in common BP algorithm. Therefore, output
of the 1st layer is 𝑎𝑖 𝐺; output of the 2nd layer, i.e.
output of the network, is 𝑎𝑖 𝐺𝐴. Input all m rows to
seek a generalized inverse matrix 𝐺 = (𝑔𝑖𝑗 ) in order
that the output could be the corresponding row of
matrix 𝐴 = (𝑎𝑖𝑗 ), which is the object signal.
Constantly input each row of A, corresponding to
different patterns, in order that all output rows could
be corresponding rows of A. At this time the weight
matrix G is right the expected generalized inverse
matrix.
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. It is different from

common BP algorithm in which 𝜂 remains the same
g   g   , thereby iteration
that here let  t  1   2
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could be faster and more effective.
Here is an example.
E1.

 4 . 000000
A  
 3 . 000000

1 . 000000
0 . 000000

0 . 000000 




.

3 . 000000

This is a rectangle matrix whose inverse matrix
under traditional definition does not exist. Now the
generalized inverse matrix G that satisfies equation
(1) is to be found. It is demanded that ε<10-6.

pj

With the proposed method G can be got as

(iii) Calculate
2

g

m



g t  1   g t  

where i =1, 2, …, m; j = 1, 2, …, n.

1

ij

In actual simulation with computer program, it
is found that the initial values of learning rate 𝜂 and
weight matrix G’s elements have direct relation to
whether the algorithm is able to converge, and
whether variables’ value is to be out of bounds, etc.
Therefore, some effective practices are employed.
For example, about learning rate 𝜂, in iteration for the
(t + 1) time, there is

(i) Choose input matrix A and corresponding
object output matrix A. Here each row of A and the
corresponding row of A form a pair of input-output
pattern.
(ii) About the input matrix A, calculate AGA,
denote the product matrix as 𝐵 = (𝑏𝑖𝑗 ), thereby








(v) Return to (ii), continue.

Hence, to find the solution of inverse matrix that
satisfies AGA=A, the pattern matching procedure is
as follows:

ij


E

 

  g


ij

In the case of Equation (5), it is derived as

This procedure is very analogous with neural
network batch-processing to identify patterns, only
that neurons are units doing linear processing and
how weights should be distributed has specific
relation to the matrix elements’ arrangement way.

b

g

 0 . 192773

G   0 . 228906
  0 . 192773


(5)

j
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 0 . 017767
0 . 071067
0 . 351100
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AGA is given below with a view to check it
against the object matrix so as to test the result:
 3 . 999999
AGA  
 3 . 000001

0 . 999999

0 . 000003

0 . 000001

2 . 999997






  0 . 079210

G   0 . 103465
 0 . 137841


.

B. Generalized Inverse Matrix 𝑨
Equation (2) 𝑮𝑨𝑮 = 𝑮

that Satisfies
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D. Generalized Inverse Matrix 𝑨(𝟒) that Satisfies
Equation (4) (𝑨𝑮)𝑯 = 𝑨𝑮
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The method is similar to Section C. Here,
E 

(8)
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0 . 099118

It is derived that




ki 



 g ij


1

i 1

g a

 0 . 075882

0 . 109800

A single-layer neural network is adopted. Input
matrix is G, weight matrix is A, and regard the
transposition matrix of output matrix of the network
(Only situation of 𝐴ϵ𝑅𝑚×𝑛 is discussed here) as
object matrix. Train all elements’ value of G to make
network output match the object. Here,

It is derived that


 0 . 084060

C. Generalized Inverse Matrix 𝑨(𝟑) that Satisfies
Equation (3) (𝑮𝑨)𝑯 = 𝑮𝑨

E 

E

.

It is shown that under given precision demand
GAG = G.

Here,
1

0 . 146280

  0 . 079211

GAG   0 . 103466
 0 . 137841


The network structure is similar to Section A.
Take matrix G as input matrix and the weight matrix
of the 2nd layer; A is the weight matrix of the 1st layer,
then actual output matrix of the network is GAG. G is
taken as the object matrix at the same time.
Calculation method is the same as the above.

E 

 0 . 075883 

0 . 099118 
0 . 132049 

0 . 109800

GAG is given below with a view to check it
against the object matrix so as to test the result:

It is shown that under given precision demand
AGA = A, thereby the structure-controllable neural
network approach for solving generalized inverse
matrix is proved correct and effective.
(𝟐)

 0 . 084060
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And it is derived that
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E. Generalized Inverse Matrix 𝑨(𝟑,𝟒) that Satisfies
Equation (3) and (4)

Its determinant detA = 0. Now the generalized
inverse matrix G that satisfies equation (2) is to be
found. It is demanded that ε<10-6.

In simulation test with computer program, the
above two processes of Section C and D are
successively fulfilled. When two errors E are both

With the proposed method, G can be got as:
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less than the precision demand ε, the matching ends;
otherwise repeat fulfilling these two procedures.
E3.
A 

 1 . 000000

 2 . 000000









3 . 000000
2 . 000000

 4 . 000000


 2 . 000000

4 . 000000
0 . 000000

Similarly, the corresponding SCNN structure is
designed to find left inverse and right inverse, too,
and are tested by computer program that proves the
method to be correct.

.

It should be pointed out that since the above 5
kinds of generalized inverse matrices are all existing
but not solitary when detA = 0 or A is a rectangle
matrix, what calculation result gives is just one of
that kind of generalized inverse matrix. If change
initial value or convergence step 𝜂, other generalized
inverse matrices that satisfies that definition can be
got.

It is a rectangle matrix. The generalized inverse
matrix G that satisfies equation (3) and (4) is to be
found. It is demanded that ε<10-6.
With the proposed method, G can be got as:
 0 . 250000
G  
  0 . 018479

And  AG  ,
evidence:
H

 AG 

H

AG 

AG

 0 . 194562

 0 . 463040

 0 . 926082


 0 . 500002

0 . 088953

0 . 177905

0 . 124696

0 . 249393

,  GA  ,
H

GA

0 . 463041

0 . 926083

0 . 500000

0 . 427297

0 . 854595

0 . 177906

0 . 854594

1 . 709189

0 . 355809

0 . 177904

0 . 355809

 0 . 233145

0 . 463040

0 . 926082

0 . 500002

0 . 427297

0 . 854594

0 . 177904

 0 . 926083


 0 . 500000

0 . 854595

1 . 709189

0 . 355809

0 . 177906

0 . 355809

 0 . 233145

H

 0 . 906379
 
 1 . 639524

 0 . 906379
GA  
 1 . 639532

Advantages of the approach presented in this
paper are as follows:

are given as the test

 0 . 194562

 0 . 463041

GA 

3.4 Advantages of this Approach

 0 . 116573 


0 . 205525 

1 . 639532 


1 . 191524 
1 . 639524 


1 . 191524 
















(i) By virtue of forward optimization,
generalized inverse matrices of matrices including
abnormal square matrices or rectangle ones can be
worked out.
(ii) Similar network structure is employed while
finding the solution of different kinds of generalized
inverse, and the method of network control is simple,
or to say, the SCNN model has satisfactory
generality.
(iii) Enough precision can be reached, and the
convergence speed is fast.
(iv) Since batch-processing is used, all pairs of
input-output patterns learn to adjust the weights at the
same time, thus there is no “phenomenon of
forgetting” between different pairs of patterns.
(v) Owing to parallel calculation, and the
connection mode of all neurons is fixed, thus there is
the probability of parallel processing with multiCPU; if this approach could be realized by hardware,
the speed of calculation of high-ranked generalized
inverse matrix would be greatly improved. This
awaits further research of technology.
To sum up, the method for finding inverse by
SCNN has such advantages that it is especially
suitable to be realized by computer, so it might be
popularized to solve most matrix algebra problems.

,

,

,

.

It is shown that under given precision  AG  ＝
and  GA  ＝ GA .
H

AG

H

3.3 Discussions
There is still another definition of inverse
matrix, which is left inverse and right inverse: Given
mn
, if there exists matrix A L 1  C n  m (or
AC
1
n m
) that satisfies A L 1 A  E n (or AA R 1  E m ),
AR  C

4 CONCLUSIONS

1

(or A R 1 ) is called for the Left Inverse (or Right
Inverse) matrix of A. It is shown that when m = n, if
there exists the inverse of A, the left or the right
inverse of A is right common inverse matrix A  1 .

Solving problem of matrix calculation with
SCNN has advantages such as generality, forward
calculation, parallel structure and therefore suitable to
be realized by hardware, etc.
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This paper has given a deep and careful research
to problem of finding inverse of a matrix, the
definition of generalized inverse matrix is introduced,
and on the basis of SCNN and BP learning algorithm,
a two-layer neural network model that can solve
many kinds of generalized inverse matrices has been
designed, and the corresponding concrete learning
algorithm has been derived. The simulation test with
computer program is proved successful. This method
can be generally applied, and the computation
precision is enough.
Finding the solution of 5 kinds of generalized
inverse matrices A(1), A(2), A(3), A(4) and A(3,4), with
computer is proved successful, and generalized
inverse of matrices including abnormal square
matrices and rectangle ones can be found. The results
given in this paper show that the network structure
and the calculation method designed is correct.
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